Abstract: The paper concerns topologies introduced in a topological space (X τ) by operators which are much weaker than the lower density operators. Some properties of the family of sets having the Baire property and the family of meager sets with respect to such topologies are investigated.
Introduction

1.1.
Let (X S J) be a measurable space, where X is a nonempty set, S is a σ -algebra in 2 X and J ⊂ S is a proper σ -ideal, which means that X ∈ J. If τ is a topology on X then B(τ) B (τ) and K(τ) denote the family of Borel sets, the family of sets having the Baire property and the family of meager sets, respectively, in the topological space (X τ). If (X S J) is a measurable space then the pair (S J) has the hull property, if for every set A ⊂ X there exists a set B ∈ S such that A ⊂ B and for every C ∈ S, C ⊂ B \ A implies that C ∈ J. A σ -ideal J is τ-Borel in a topological space (X τ), if for every set A ∈ J there exists a set B ∈ B(τ) such that A ⊂ B and B ∈ J. Given a family A of subsets of X , the family {C ⊂ X : C = A B A ∈ A B ∈ J} will be denoted by A J. If A is a σ -algebra in 2 X then the family A J is the smallest σ -algebra containing both families A and J. The set of reals is denoted by R and the natural topology in R by τ 0 .
The standard methods that generate topologies by lower density operators or almost lower density operators involve a measurable space (X S J) and an operator Φ : S → S satisfying some conditions with respect to σ -algebra S and σ -ideal J so that the family {A ∈ S : A ⊂ Φ(A)} forms a topology on X . The main goal of this paper is to consider a given proper σ -ideal J in the family of all subsets of a topological space (X τ) and an operator Φ J : 2 X → 2 X which fulfils some conditions related only to the σ -ideal J. In order to obtain a topology with the operator Φ J , we form a σ -algebra S(J) such that the family T Φ J = {A ∈ S(J) : A ⊂ Φ J (A)} generates a topology on X . Some observations concerning the structure of σ -algebra S(J) and properties of the family of sets having the Baire property and the meager sets in the topological space (X T Φ J ) are established. Most results are obtained under the condition that τ ⊂ T Φ J . The behaviour of Borel σ -ideals in generating topologies is also considered which leads to the orthogonality properties of σ -ideals, see Theorem 2.9.
Definition 1.1 (cf. [8]).
We shall say that Φ : S → S is a lower density operator on (X S J) if the following conditions are satisfied:
Remark 1.2 (cf. [4]).
If the operator Φ satisfies conditions 1
• is equivalent to the following one:
Definition 1.3 (cf. [8]).
If τ is a topology on X then we shall say that τ is an abstract density topology on (X S J) if there exists a lower density operator Φ : S → S on (X S J) such that τ = {A ∈ S : A ⊂ Φ(A)}.
Theorem 1.4 (cf. [8]).
A topology τ is an abstract density topology on (X S J) if and only if (i) A ∈ J implies A is τ-nowhere dense and τ-closed,
(ii) B (τ) = S.
Corollary 1.5.
If τ is an abstract density topology on (X S J) then K(τ) = J and (X τ) is a Baire space.
Proof. If A ∈ J then by property (i) we get that A ∈ K(τ). Let A be a τ-nowhere dense set. Then the set A τ is closed and τ-nowhere dense. Condition (i) implies that A τ ∈ J. Then the set A ⊂ A τ is also a member of J. Finally we conclude that
Theorem 1.6 (cf. [8]).
If Φ : S → S is a lower density operator on (X S J) and the pair (S J) has the measurable hull property in X then the family
topology. It is the abstract density topology on (X S J).
By this method we get the following topologies on the real line:
• density topology (O. Haupt, Ch. Pauc (1952), see [14] );
• I-density topology (W. Poreda, E. Wagner-Bojakowska, W. Wilczyński (1982) , see [14] );
• -density topology with respect to measure (M. Filipczak, J. Hejduk (2003) , see [3] );
• -density topology with respect to category (J. Hejduk, G. Horbaczewska (2003), see [6] );
• simple density topology with respect to category (W. Wilczyński, V. Aversa (2004) see [15] );
• density topology related to category with respect to a sequence tending to zero (R. Wiertelak (2006) , see [12] ).
1.2.
Let (X S J) be a measurable space, where S is a σ -algebra in 2 X and J ⊂ S is a proper σ -ideal.
Definition 1.7.
We shall say that Φ : S → 2 X is an almost lower density operator on (X S J) if the following conditions are satisfied:
Theorem 1.8 (cf. [5]).
If Φ : S → 2 X is an almost lower density operator on (X S J) and the pair (S J) has the measurable hull property in X then the family
• ψ-density topology (E. Wagner-Bojakowska, M. Terepeta (1999), see [11] );
• density topology with respect to the O'Malley points (W. Wilczyński, W. Poreda (2001), see [10] );
• simple density topology with respect to measure (W. Wilczyński, V. Aversa (2004), see [15] );
• -density topology (M. Filipczak, T. Filipczak (2008) , see [2] );
• -symmetrical density topology (J. Hejduk (2008) , see [5] );
• density topology related to measure and with respect to a sequence tending to zero (J. Hejduk, R. Wiertelak (2011), see [7] ).
Remark 1.9 (cf. [11, 14]).
The example of ψ-density topology proves that the inverse implication to (i) of Theorem 1.8 does not hold, and (ii) in Theorem 1.8 without the assumption that J = K(T Φ ) is not true.
1.3.
Let (X τ) be a topological space and J be a proper σ -ideal in 2
be an operator satisfying the following properties:
Let S be the set of families S ⊂ 2 X such that 
is a topology with T Φ J = S∈S T S . The topology T Φ J will be the topology generated by the operator Φ J . Clearly,
Let (X τ) be an arbitrary topological space such that { } ∈ B(τ) for every ∈ X . Let J = {∅}. Putting Φ J (A) = A for every A ⊂ X , we get that operator Φ J satisfies conditions 1 It is clear that the operator Φ J satisfies conditions 1
If a set A is Lebesgue measurable and L is the σ -ideal of Lebesgue null sets in 2 R , then a point ∈ Φ L (A) if and only if is a density point of A, cf. [14] . Let J ω be the σ -ideal of all countable sets in 2 R . Since J ω ⊂ L then for every set A ⊂ R we get that Φ Jω (A) ⊂ Φ L (A). Let L be the family of Lebesgue measurable sets in R; then it is well known, cf. [14] , that the family {A ∈ L : A ⊂ Φ L (A)} generates a topology. Conditions 1 
Definition 1.13.
We shall say that an operator Φ J : 2 X → 2 X , satisfying conditions 1
In further considerations condition 4
• will be called the J-density property of Φ J . If the operator Φ J satisfies conditions 1
• -3
• and has J-density property, then it is a lower density operator on (X S(J) J) and the topology T Φ J is the abstract density topology on (X S(J) J).
Main results
Let (X τ) be a topological space. 
Theorem 2.3.
Let (X τ) be a topological space such that X / ∈ K(τ) and the pair (B (τ) K(τ)) satisfies ccc. Assume that
is an operator satisfying conditions 1
Proof. We show that from Φ K(τ) satisfying 1
• -3
• follows it is a lower density operator on (X B (τ) K(τ)). Indeed, let A ∈ B (τ). Then A = V B, where V ∈ τ and B ∈ K(τ).
Moreover, by the assumption that the pair (B (τ) K(τ)) satisfies ccc, we get that the pair (B (τ) K(τ)) has the measurable hull property in X . By Theorem 1.6 we have that the family {A ∈ B (τ) : A ⊂ Φ K(τ) (A)} forms a topology on X . Hence S(K(τ)) ⊂ B (τ). On the other hand, we have The operator Φ J in Example 1.12 satisfies conditions 1 -density property and L-density property are satisfied, cf. [13, 14] . Therefore Theorem 2.9 is a generalization of the well-known result that K(τ 0 ) and L are orthogonal, cf. [9] .
